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Obstructions to finite dimensional cohomology 
of abstract Cauchy-Riemann complexes 

Judith Brinkschulte0 and C. Denson HillH 


Abstract 

Let M be a compact abstract CR manifold of arbitrary CR codi¬ 
mension. Under certain conditions on the Levi form we prove the 
infinite dimensionality of some global cohomology groups of M. 


1 Introduction 

Although there is a sizeable literature concerning various questions about 
CR embeddable CR manifolds, there appears to be very few results about 
the cohomology of abstract CR manifolds. We consider a C°° smooth com¬ 
pact orientable abstract CR manifold of type {n,k). 

Here an abstract CR manifold of type {n,k) is a triple {M, HM, J), 
where M is a smooth real manifold of dimension 2n + k, HM is a subbundle 
of rank 2n of the tangent bundle TM, and J : HM HM is a smooth 
fiber preserving bundle isomorphism with = —Id. We also require that 
J be formally integrable; i.e. that we have 

CT°’^M 


where 


T^’^M = {X + iJX I A G r(M, HM)] C r(M, CTM), 
with r denoting smooth sections. 

The CR dimension of M is n > 1 and the CR codimension is A: > 1. 
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We denote by H°M = {? G T*M |< >= 0,VX G the 

characteristic conormal bundle of M. Here tt : TM —)• M is the natural 
projection. To each ^ G H°M, we associate the Levi form at ^ : 

X) = ^{[JX, X]) = di{X, JX) for X G HpM 

which is Hermitian for the complex structure of HpM defined by J. Here ^ 
is a section of H°M extending ^ and X a section oi HM extending X. 

We denote by Om the tangential Cauchy-Riemann operator on M. The 
associated cohomology groups of Om acting on smooth forms will be denoted 
by 0 < p < n+k, 0 < q < n. For more details on the du complex, 

we refer the reader to |HNlj or |HN2j . 

Our results are as follows. 


Theorem 1.1 

Let M he a compact orientable abstract CR manifold of type {n,k). Assume 
that there exists a point po G M and a characteristic conormal direction 
I G Hp^M such that the Levi form Cp^{^, •) has q negative and n — q positive 
eigenvalues. Then fort) <p< n + k, the following holds: Either or 

is infinite dimensional, and either or 

is infinite dimensional. 

The theorem is proved in section 2. Although here we are proving the 
infinite dimensionality of certain (global) cohomology groups of M, our ar¬ 
gument follows the pattern of M. Nacinovich [N], where the emphasis was 
on demonstrating the absence of the (local) Poincare lemma. 

The following two theorems are consequences of Theorem 11.11 The sim¬ 
ple arguments are given at the end of section 2. 

Theorem 1.2 

Let M be a compact orientable abstract CR manifold of type (n, 1). Assume 
that at each point x G M, there exists a characteristic conormal direction 
f, G H°{M) such that •) has q negative and n—q positive eigenvalues. If 
moreover 2q n —1, then H'P’^{M) is infinite dimensional; and if2q ^ n+\, 
then is infinite dimensional, < p < n + 1. 

Theorem 1.3 

Let M he a compact orientable abstract CR manifold of type (n, k) with n 
even. For q = we assume that at each point x G M and every charac¬ 
teristic conormal direction ^ G H°{M) \ {0} the Levi form has q 

negative and q positive eigenvalues. Then is infinite dimensional, 

Q < p < n + k. 
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In the case where M is CR embedded in some ambient complex manifold, 
related local and global results have been discussed in |AHlj . [AH2j . |AFNj 
and [HN2]. 

2 Proofs of the theorems 

Our proof of Theorem 11.11 relies on a well known construction for CR em¬ 
bedded CR manifolds at a point where there exists a characteristic conormal 
direction such that the associated Levi form has exactly q negative and n — q 
positive eigenvalues. For the reader’s convenience, we now sketch this con¬ 
struction in the case of a hypersurface in 

So let S' 9 0 be a piece of a smooth real hypersurface in such that 
£o(^) •) has q negative and n — q positive eigenvalues for some characteristic 
conormal direction Then we can choose a local real defining function p of 
S of the form 


p{z) = Im( 2 :„_|_i) — h{z) with h{z) = 0{\z\‘^). 

Here 0{\zf) denotes a term vanishing to order £ at the point z = 0. More¬ 
over, after a holomorphic change of coordinates, we may assume 

q n 

h{z) = ^\za\^- ^ \za\^ + 0{\zf) at 0. 

OL=l a=q-\-l 


Set 

<? 

(j)[z) = -zRe( 2 ;n+i) h{z) - 2 ^ \za\^ - (Re(zn+i) ih{z)f. 

a.=l 


Then 

1 " 

Re4>{z) < --^C^ + (^^(zn+i))^) near 0. 

a=l 

For A > 0 we then dehne the following ’’peak forms” 


f\ = e^'^dzi A ... A dzp A ctzi A ... dzq, 

which defines a smooth (p, ( 7 )-form on S satisfying dsfx = 0 (note that 
Re(2;n+i) + ih is the restriction to S of the holomorphic function Zn+i)- 

Similarly we set 

n 

ip{z) = iRe(2;n+i) - h{z) - 2 ^ \za\‘^ - (Re( 2 ;n+i) ih{z)f. 

a=q+l 
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Then we also have 


1 X ^ 

ReV’(2) < W? + (Re( 2 ;„+i))^) near 0, 

OL=l 

and we define the following ’’peak forms” of degree {n + 1 — p,n — q) on S': 

Q\ — e dzpj^\ A ... A dzYi-\-\ A dzqj^\ A ... A dz^. 

Again we have dsgx = 0. 

In the proof of the nonvalidity of the Poincare lemma for the S^-operator, 
the forms fx and gx play an essential role, because their properties contra¬ 
dict the existence of certain a priori estimates. Also our proof of Theorem 
o is based on the existence of forms with the analogous properties up to 
some terms vanishing to infinite order at the point under consideration. 

For more details on the construction of the corresponding functions and 
forms in the higher codimensional situation, we refer the reader to the paper 
lAFllpp.388//.]. 

Proof of Theorem \1.1\ 

Let us first consider the case g > 0, and assume by contradiction that 
both and are hnite dimensional. In order to make the 

proof as clear as possible, we first assume that fc = 1 {CR manifold of hy¬ 
persurface type). 

By the assumption that H‘P’^[M) is finite dimensional we get that 

has closed range. Then Banach’s open mapping theorem implies that there 
exist a constant Ci > 0 and an integer m\ > 0 such that for all / G 
duC^q-iiM) there exists u G satisfying Omu = / and 

||«||o<Ci||/|U,. (2.1) 

Here || \\m denotes the usual C”’’-norm on C°°{M). 

Reasoning as before, the assumption that is hnite dimen¬ 

sional implies that there exist a constant (72 > 0 and and integer m 2 > 0 
such that for all g G dMC^q{M) there exists h G C^q{M) satisfying dMh = g 
and 

||h||mi < C'2||5'||m2- (2-2) 
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Using Stokes’ formula, we have for every / = Bmu G dMC^q-i{M) and 
every g € 

[ f^9= [ dMuAg = {-lf^'^[ uAdM9- 
JM JM Jm 

Hence (j2.in implies 

\[ /Aff|<Ci||/|U,-IIS m^IIo (2.3) 

Jm 

for every / G dMC^q-i{M) and every g G C^i_p^^_g{M). Here a < b means 
that there exists a constant C > 0 such that a < C ■ b. 

Now let I := dim < +oo, and let H be an open neighborhood 

of po G M such that for every point x G H, there exists a characteristic 
conormal direction such that Cx{Cx, •) has q negative and n — q positive 
eigenvalues. 

We choose I different points pi,...,pi inside Q, all different from pQ. 
Moreover, we choose cut-off functions Xj^ J = 0; ■ ■ • j ^ with Xj = 1 near pj, 
such that the x/s have disjoint supports. For each 0 < j < /, we then make 
the following construction: 

Choose local coordinates zi = xi-l-fx^+i ,... ,Zn = Xn+ix 2 n, X 2 n+i for M 
so that Pj becomes the origin. By the formal Cauchy-Kowalewski procedure, 
we can find smooth complex valued functions g? = {g?i ,..., g^n+i) in an open 
neighborhood 17 of 0 with each <y 9 j( 0 ) = 0, dipi A ... A gZn+i 7 ^ 0 in 17, and 
such that dM^i vanishes to infinite order at 0. Then ip : U —?• gives 

a smooth local embedding M = <p{U) of M into On M there is the 

CR structure induced from it agrees to infinite order at 0 with the 

original CR structure on M. In particular M is a smooth real hypersurface 
in which is strictly g-convex and strictly (n—g)-concave with respect to 
the induced CR structure. As explained in the paragraphs proceeding this 
proof this means that after possibly shrinking U, there are smooth complex 
valued functions 4)j and ipj on U with dM4>j a-iid vanishing to infinite 

order at 0 satisfying 


1 , ,2 

Recpj < — 

(2.4) 

1 , ,9 

Reipj < — - X on U 

(2.5) 

(pj -I- ipj = —2 xp + 0 ( xp) 

( 2 . 6 ) 
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(one constructs the corresponding functions 4> and ip on M and considers 
the pull-back under cp.) 

Moreover, T*M is spanned by forms 

UJi = dzi + 0(|x|°°), ... ,U}n = dZn + 0(|x|°°), 

Ul= dzi+ 0(|x|°°), . . . ,ujn = (tZn = 0(|x|°°), 

e = dX2n+l + 0{\xr) 

which are d-closed to infinite order at 0 (here, of course, AT^’^M is spanned 
by tJi,... ,a;n). Following again |AFN] or |HN2j . by the geometric condition 
on the Levi-form of M we may also assume that dM(pj A tJi A ... A Wg and 
A Uq+i A . .. AUn vanish to infinite order at 0. 

For each real A > 0 we now define 

A ... A uip AUi... A Uq. 

This is a smooth (p, ( 7 )-form on M. Moreover the properties of cpj imply that 
dnif^) is rapidly decreasing with respect to A in the topology of C°°{M) 
as A tends to infinity. Indeed, by (I2.4p the function exp(A(^j) , and any 
derivative of it with respect to x, is rapidly decreasing as A —>■ -|-oo, while all 
other terms, and their derivatives with respect to x, have only polynomial 
growth in A. 

We also set 

9j — A ... A ujn A ^ A A ... A iOn- 

Then, arguing as before, dMidj) is rapidly decreasing with respect to A in 
the topology of C°°{M) as A tends to infinity. 

Next, we solve OmUj = (9m// with an estimate 

\\uj\\m,<C2\\dMf-\\m2, (2-7) 

using (12.2p . Hence ||u^||mi is rapidly decreasing with respect to A. Defining 
~ obtain a smooth, c^M-closed {p, g')-form on M. 

Since dim77^’'?(M) = I, there exist constants Cq, ... not all equal to 
zero, such that 

'^ofo + ■ ■ ■ + fi' £ Im^M- 

To get a contradiction, we are going to use the estimate (|2.3I) with / = 
E5=oCj// and g = We have 
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( 2 . 8 ) 


/ /Aff 

Jm 


J-o 


j=o 


IM 




j-0 


i=0 


Ei<=?iV A-sE/ E' 

J=0 ^J=0 




Note that for the third equality, we have used that the x/s have disjoint 
supports. 

We are now going to estimate the term on the right of (|2.8D . We have 


[ A ... AuJn^O Auji A ... AuJr, 

JM JM 


IM 


2hp+0(|x|3) a ... a dZn A dzi A ... A dZn A dX2n+l- 


Making the change of variables y = y/Xx, and afterwards changing the name 
of y back to x, we get 

[ fjXg^ = '^'>dziA.. .AdZnAdziA.. .AdZnAdx2n+i+0{X~^)}. 

JM JM V A 


Therefore we obtain 


for some constant c > 0. 




(2.9) 


'M 


Also we can use (12.7p to get 


/ IZ^*^sVA5jl < • ll^i llo) 

i,j=0 j=0 


3=0 
I 

~ l^i 1^ SUp(pM/i^||m 2 • Ibj Ho). 

3=0 


1,3 


Now ||9M//'||m2 is rapidly decreasing with respect to A, whereas Us'j ||o 
is of polynomial growth with respect to A, hence we get 


i,j=0 j=0 
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for sufficiently large A. Combining this with (|2.9p . we get 



( 2 . 10 ) 


for sufficiently large A. 

On the other hand, using (j2.3l) . we can estimate f A g as follows: 




j=o 


^^Pi\\f^\\m 2 + l ■ \\dM9j Wo)- 

i=n 


Since ||/j^||m 2 +i is of polynomial growth in A whereas 115^5^110 is rapidly 
decreasing with respect to A, we get that 



This contradicts (j2.10p and therefore proves that either HP’^{M) or 
has to be infinite dimensional. 

Now, replacing ^ by —it also follows that either or 

is infinite dimensional. 

For q = 0, the statement is essentially Boutet de Monvel’s result [BdMj : 
In this case, M is strictly pseudoconvex at po- If H^'^{M) was finite dimen¬ 
sional, then in particular the range of Om was closed in C^i{M). But then 
one can construct infnitely many linearly independent CR functions on M 
as in [BdMj . 

Also, the Levi-form •) has n > 0 negative and 0 positive eigen¬ 
values. By what already proved, we therefore know that is infinite 

dimensional (note that is always zero). 

If A; > 1, the proof is essentially as before, with replaced by 
The crucial point is to observe that the approximate CR embedding M in 
now has real codimension k, is contained in a hypersurface 
which is strictly g-convex and strictly (n — g)-concave. ^ then corresponds 
to -|- or - the conormal to the hypersurface at po- As before, this gives us 








the existence of smooth functions cjij and 'ijjj with the same properties that 
were essential in the proof for k = \. □ 

Proof of Theorem li.gl 

The theorem follows immediately from Theorem ll.il Indeed, it suffices to 
note that the assumptions on M imply that the classical conditions Y{q + 1) 
and Y{n — q + 1) are satisfied. Hence the Siw-complex is ^-subelliptic in de¬ 
gree {p,q+l) and {p,n — q+1) (see [FKl Theorem 5.4.9]), hence 
and are finite dimensional. □ 

Proof of Theorem 11.31 The assumptions on M imply that M is q- 
pseudoconcave (see [TINT] for the definition), hence the (9M-complex is e- 
subelliptic in degree {p,q + 1) for some e > 0 (see |HN1] for the proof), 
hence is hnite dimensional. Again the statement then follows 

from Theorem ll.il □ 


3 Corollaries and remarks 

We would like to emphasize that Theorems 11.11 11.21 11.31 are valid for an 
abstract CR manifold M, which might possibly be not even locally CR 
embeddable at any point. However, it is of some interest to consider the 
situation where M is globally CR embedded as a generic CR submanifold 
of some complex manifold X, and ask what these theorems imply about the 
pair {X, M). Then the complex dimension of X is n + A;, and we have the 
usual Dolbeault cohomology groups HP’‘>{X), as well as the Dolbeault-like 
cohomology groups H^’'?(X,X). The latter consists of smooth 9-closed forms 
on X modulo smooth 9-exact forms on X, in which all forms are required 
to have zero Cauchy data along the submanifold M. (Think of the real 
codimension A: of M in X as corresponding to k ’’time variables”.) More 
precisely, we consider the sheaf Zm of germs of functions on X which 
vanish on M. Then we denote by Z the sheaf of C.°°(X)-modules which is 
locally generated by Zm and OZm- 

The interpretation of H^'‘^^^{X,Z) is that it is the obstruction to the 
solvability of the general inhomogeneous Cauchy problem 

r = / on X , . 

\ n = no on M. ^ ’ 

Here / is a given smooth 9-closed (p, q + l)-form on X, no is a given smooth 
Siw-closed tangential (p, ( 7 )-form on M, and it is assumed that the data 
{/, no} are compatible (see [AH 11 p. 350-351]). The desired solution n to 
the problem (13.111 should be a smooth (p, gr)-form on X. Then the solvability 
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of (j3.ip for all compatible data is equivalent to the vanishing of X). 

If, for example, is infinite dimensional, it means that there is 

an infinite dimensional set of equivalent classes of data for which (|3.1I) has 
no solution (see IMH). From Theorem 11.11 and standard exact sequences, 
such as the Mayer-Vietoris sequence, we obtain the following Corollary: 

Corollary 3.1 

With M as in Theorem li.il assume X is either compact or Stein. Then 

(a) either HP'‘^~^^{X,X) or is infinite dimensional. 

And 

(b) either HP''^~'^~^^{X,X) or HP'^~^~^‘^{X,X) is infinite dimensional. 

Proof. If X is compact, then we have dimi/’’’^(X) < +oo for 0 < r, s < 
n + k, whereas H'"’’^{X) = 0 for 0 < r < n + k,l <s<n + k if X is Stein. 
Therefore we may use the following long exact sequence 


and Theorem o to conclude. □ 

In the special case A; = 1, we may assume M divides X into complex 
manifolds-with-boundary, which we call X~ and X^ (the common bound¬ 
ary is, of course, M). Then, roughly speaking, the cohomology group 
//pd+i(X,X) is isomorphic to the direct sum of HP'^{X~) and HP’^{X~^) 
modulo some global Dolbeault cohomology groups of X. Therefore the hy¬ 
persurface case of Corollary 13. II then breaks down into: 

(a) at least one of HP'^X+), HP'^X-), HP'P+\X+), HP’1+\X-) is infinite 
dimensional. 

And 

(b) at least one of HP'"'-<i{X+), ii'P’’"-'?(A-), HP’'^-p+\X+), HP'^-<i+^{X-) 
is inhnite dimensional. 

We should emphasize here that the above corollary requires a hypothesis 
on M at only one single point po on M and in only one single characteristic 
conormal direction This has the following consequence: Suppose M is 
generically CR embedded in X, as above, with X either compact or Stein, 
but that initially no other hypotheses are made about M. Then the situa¬ 
tion is initially whatever it is. But if now we make arbitrarily small smooth 
modihcations of M at a few points, we can produce a modihed CR man¬ 
ifold M, such that for the new pair (X, M), there is a plethora of infinite 
dimensional cohomology groups HP’*{X,I). 
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Note that in Theorems o and fOl the situation is quite different. In 
those theorems some hypothesis is needed at each point of M, which puts a 
much greater constraint of the ’’shape” of M, and we are then in a territory 
that is less novel and has been much more discussed in the literature. 

Indeed, with M as in Theorem ll.2l and X compact, we know from |AH2l 
p. 805] that it is and that are infinite dimensional. 

Also HP'^{X~) is finite for j q and HP’^{X^) is finite for j n — q. So in 
this context, given the finiteness theorems proved in [AH2] . what Theorem 
1 1.2 1 provides us in most cases is just a new proof of the infinite dimensionality 
of HP’‘^{X~) and HP’"'~‘>{X~^). We should also recall from |AH2j that when 
2q / n, we therefore have a good one sided global Cauchy problem in de¬ 
gree q from the X~ side, and another one in degree n — q from the X~^ side. 
Both these Cauchy problems are almost always solvable. If 2q = n, then we 
have an almost always solvable Riemann-Hilbert problem in degree q = n—q. 

Now with M as in Theorem 11.31 and X compact, M is a maximally pseu¬ 
doconcave generic CR submanifold of X, of codimension k. Theorem 11.31 
gives us a new proof (in the maximally pseudoconcave case) of the infinite 
dimensionality of which is related to Theorem 4.2 in [HN1| . In 

that situation the global solvability of the inhomogeneous Cauchy problem 
m is obstructed by the infinite dimensional HP’P^^{X,I). 


4 Examples 

Standard examples of compact hypersurfaces satisfying the assumptions of 
Theorem O are the real projective hypersurfaces 

M = {(zo : Zi : . . . : Zn+l) E | Im(zoZn+i) = |zi|^-F. . . + \Zq\‘^-\Zq+i\‘^-. . .-jznp}- 

Various other examples oi CR manifolds satisfying the assumptions of The¬ 
orem [Q or Theorem 11.31 have been constructed by C. Medori and M. Naci- 
novich: They continued the investigations of Tanaka and developed the alge¬ 
braic theory of Levi-Tanaka algebras in order to construct homogeneous CR 
manifolds of arbitrary codimension k. In [MNll Theorem 4.5] they showed 
that if the Levi-Tanaka algebra 0 is semisimple, then the associated homoge¬ 
neous CR manifold Mg is compact. Moreover, in [MN2| it was proved that 
the Levi-form of M is nondegenerate if and only if the Levi-Tanaka algebra 
is finite dimensional. A complete classification of semisimple Levi-Tanaka 
algebras was also given in [MN2| . So in those examples, we get from Theo¬ 
rems o and oi that for fixed p, one or two cohomology groups are infinite 
dimensional, while all others are finite dimensional. 
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Here is a method how to construct compact CR manifolds with at least 
approximately half of its cohomology groups being infinite dimensional: 

We start with a compact CR manifold M of arbitrary type (n, k), which 
we assume to be generically CR embedded into some complex manifold X. 
Now we cut out a small piece of M near a given point and glue in a small 
modihcation, arranging that g = 0 at one point, that q = 1 aX, another point, 

and that g = n at still another point (all happening locally in 
We denote the modified CR manifold by M. Then, using Theorem ll.il we 
obtain that either or must be inhnite dimensional for 

all j = 0 ,..., n. 

It is, however, far more difficult to produce examples of abstract CR 
structures having a characteristic conormal direction whose associated Levi- 
form is nondegenerate. Examples exist, but they are few. Here we would 
like to mention the following example from [HN31 Theorem 6.16]: 

Let Q C CP’"+^ n > 1 , be the hyperquadric defined by 


Q = {zqZo + ZiZi = Z 2 Z 2 + . . . + Zn+lZn+l}. 

Then one can find a new CR structure on Q, which is not locally CR- 
embeddable at all points of the divisor D = {zq = 0}. We denote Q with 
this new CR strucure by Q. The CR structure on Q is such that at each 
point X G M, there exists a characteristic conormal direction such that 
Cxii,-) has 1 negative and n — 1 positive eigenvalues, i.e. Q satishes the 
assumptions of Theorem 11.21 with q = 1. In this situation, Theorem 11.21 
yields that if n 7 ^ 3, then is inhnite dimensional, and if n 7 ^ 1, then 

is inhnite dimensional, 0 < p < n + 1. This is a new result. 
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